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Abstract
We propose a general method by which a spin-S is decomposed into spins less than S. We have
obtain the exact mapping between spin S = p
M−1
2 and a cluster of M spins σ =
p−1
2 . We have
discuss the possible applications of such transformations. In particular we have show how a general
d+1 dimensional spin-p−12 model with general interactions can be reduced to d-dimensional spin-S






The investigation of spin-S models is important for applications and also for clarification
of critical phenomena. The spin-1/2 Ising model has been extensively investigated because
it has very wide applications to many interesting problems in different scientific areas. The
general spin-1 model with up-down symmetry was introduced by Blume, Emery and Griffits
(BEG) [1] for a model of He3 −He4 mixtures. A spin-3/2 model was proposed by Krinsky
and Mukamel [2] for a model of ternary fluid mixtures. The spin-S model with higher
spin (S > 3/2) have been studied in much less detail because of computational complexity
increasing with spin.
So far a few exact solution have been obtained for spin-S models. In 1944 the spin-1/2
square lattice Ising model has been solved exactly by Onsager in his seminal paper [3]. All of
the numerous attempts to extend the exact solution to the systems with S > 1/2 are failed,
except for the exact results obtained for some high-spin models than can be reduced to known
solvable models, like free-fermion models [4–6], spin-1/2 Ising model [7–9], Ashkin-Teller
model [10, 11] under certain constrained conditions, which imposed on different coupling
constants in those spin-S models. Mapping between models is an important tool for the
study of exactly solvable models. The aim of this paper is to present one of such mapping,




and a system consist from a cluster of M spins σ with σ = p−1
2
.
The present article is organized as follows. In section II we present the general spin-spin
transformations between spin S = 2
M−1
2
and a cluster of M spins σ = p−1
2
. In section III
we give the expression for the general inverse spin-spin transformation. In the next section
we discuss the application of our funding. In particular we have show that a general d + 1
dimensional spin-p−1
2
model with general interactions can be reduced to d-dimensional spin-S
model with S = p
M−1
2
and finally in section V we give our conclusions.
II. A GENERAL SPIN-SPIN TRANSFORMATION
Consider a system of N particles with spin variable S = (pM − 1)/2 with p and M are
a positive integer. For the j (j = 1, 2, ..., N) particle, Sj is the z component of the spin
operator and its eigenvalues are {S, S − 1, ...,−S + 1,−S}. The system has a Hamiltonian
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where the sum is over all (2S + 1)N possible spin configurations.





pi−1σi,j = σ1,j + p σ2,j + ... + p
M−1σM,j, (2)







}. For even p = 2k we have a
clusters ofM half integer spins σ = k−1/2 which represent the half integer spin S = (2k)
M−1
2
and for odd p = 2k + 1 we have a clusters of M integer spins σ = k which represent the




The transformation given by Eq. (2) gives a bijection (one-to-one correspondence) be-
tween spin S = (pM − 1)/2 and a cluster of M spins {σ1, σ2, ..., σM} where σi = (p − 1)/2
for i = 1, 2, ...,M . The total number of spin components of spin S = (pM − 1)/2 are
2S + 1 = pM ,
which is exactly the total number of spin configurations of a cluster ofM spins σ = (p−1)/2.
Thus we can say that the set of spin-S and set of spins {σ1, σ2, ..., σM} are equivalent. Note
that in the case p = 2, we obtained the condition
2S + 1 = 2M ,
which are necessary condition to express the operator of spin-S in terms of fermions [12].
By means of Eq. (2) the Hamiltonian H({Sj}) may be expressed as a function of the σi,j
H({Sj}) = H({Sj({σi,j})}).




exp (−βH({σi})) can be carried out independently. So we may
write the partition function as the sum over all possible (pMN) spin configurations of a cluster
of M spins σi =
p−1
2










The situation is different from the case considered by Griffiths in his paper [13], where he





σi = σ1 + σ2 + ... + σp. (4)







where Griffiths introduced the so called weight function Wj(σ1,j , σ2,j, ..., σp,j) in definition of







where β = (kT )−1 is the inverse temperature and analog Hamiltonian is temperature depen-
dent. In our case the weight function is equal to 1 (Wj = 1) and Eqs. (5) and (6) become
Eq. (3).
III. A GENERAL INVERSE SPIN-SPIN TRANSFORMATION
Let us now consider the spin-spin transformation inverse to transformation given by Eq.
(2). We want to express a spin σ = p−1
2
as a function of spin-S. The general expression of












(s+ S − i), (8)
Pj,m are the projection of spin-σ and m = 1, 2, ...,M
′ with M ′ > M , where M ′ represents
the number of permutation of the {P1,m, . . . , PpM ,m}. Let us consider as an first example the
case p = 2, so the only possible values of Pj,m is ±
1
2
(in reference [14] the Pj,m was considered
as ±1). For the case of spin-1 we have p = 3, the possible values of Pj,m should be {−1, 0, 1}.









}. In general the possible
4
values of Pj,m are {−S,−S + 1, . . . , S − 1, S}. It is clear that the transformation given by
Eqs. (7) and (8) is the most general transformation which maps the set of spins σm =
p−1
2
(m = 1, 2, ...,M ′) with arbitrary integer values of p to a general spin-S, where S can take as
integer as half-integer values.
It is also clear from Eqs. (7) and (8) that σm(s) is a polynomial in s of degree 2S, which






whose coefficient αm,j can be defined using the result obtained in reference [6].
Let us chose the special values of Pj,m that we can map exactly M particles with spin









(s+ S − i), (10)













by [x] we mean the less integer of any real x. With such values of Pj,m the Eq. (7) and (8)
gives us exactly M different values of σm (m = 1, 2, ...,M) and such transformation again
give us one-to-one correspondence between set of spins σm (m = 1, 2, ...,M) and half-integer
spin-S with S = p
M−1
2
. Note, that this special values of Pj,m already was obtained for the
particular case p = 2 in reference [14]. It is also worth to note that the transformation given
by Eq. (7) and (8) also is a generalization of the previous result obtained by Joseph [15] for
the case p = 2 and for the particular case of the projection Pj,m (Pj,m = 1 for all values of j
and m).
IV. APPLICATIONS
In Sec. II we consider a system of N particles with spin variable Sj (j = 1, 2, ..., N)
and represent the spin variables for the j-th particle, Sj in the form Eq. (2), which give
us a bijection between spin S = (pM − 1)/2 and a cluster of M spins (σ1, σ2, ..., σM) where
σi = (p−1)/2 for i = 1, 2, ...,M . In Sec. III we consider the spin-spin transformation inverse
5
to transformation given by Eq. (2). From the general inverse spin-spin transformation (see
Eqs. (7) and (8)) we chose the special values of Pj,m and obtain the inverse spin-spin
transformations given by Eqs. (10) and (11) that can map exactly M particles with spin
σ = (p− 1)/2 to spin S = (pM − 1)/2 inverse to transformation system of N particles with
spin variable Sj (j = 1, 2, ..., N).
Let us now consider few examples:
A. Spin-spin transformation for M = 2 and p = 2
For the case M = 2 and p = 2 the transformations given by Eqs. (2), (10) and (11) reads
as
Sj = σ1,j + 2σ2,j (12)













The above transformation gives us bijection between spin S = 3/2 and pair of Ising spins
σ = 1/2. Such transformation has been already used by many authors [4, 6, 11, 16]. For
example in the paper [4] the most general spin 3/2 model with up-down symmetry was solved
exactly along two lines in the parameter space of the model with the help of transformation
given by Eqs. (12) and (14). In the paper [16] the authors used the transformation given
by Eqs. (12) and (14) to show that spin-3/2 model is equivalent to the two-layer Ising
model with the spin-1/2. In paper [11] the new type of exact solution to the generalized
Ashkin-Teller model was found with the help of the above mentioned transformation and in
the paper [6] the authors present a set of exactly solvable models, with half-integer spin-S
on a square-type lattice including the case of the spin-3/2.
B. Spin-spin transformation for M = 3 and p = 2
For the case M = 3 and p = 2 the transformations given by Eqs. (2), (10) and (11) reads
as
Sj = σ1,j + 2σ2,j + 4σ3,j (15)
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The above transformation gives us bijection between spin S = 7/2 and three Ising spins
σ = 1/2. Such transformation are new and the possible applications of that transformation
can be described as follows:
1. One can used such transformation to show that a d-dimensional general spin - 7/2
model is equivalent to the three d-dimensional layer of spin-1/2 model.
2. Based on such correspondence one can try to find exact solvable cases for a general
two-dimensional spin-7/2 model.
Let us consider for example a most general spin-7/2 model with up-down symmetry on






























with S = 7/2, where β = 1/kT us usual and γ is coordination number of the lattice.
Here, each spin variable Si is defined at a lattice site and takes one of the following value
{7/2, 5/2, ...,−7/2}. The summation over α and β (here β cannot be confused with in-
verse temperature) from 1 to 7 and < i, j > indicates summation over the pairs of nearest
neighbor sites. We have 16 nearest neighbor interactions terms with interaction constant
Jα,β with α, β = 1, 2..., 7, β ≥ α and α + β = even. We have also three fields h2a with
a = 1, 2, 3. Totally we have 19 interactions constants Jα,β and h2a. Hence the Hamiltonian
(19) represents a wide class of systems. The free energy of the system fS is defined by











Now we apply the transformations given by Eqs. (15) to express Si in terms of three Ising












































which can be considered as a Hamiltonian of the three layer of spin-σ (σ = 1/2) model, where
each layer is represented by d-dimensional lattice G. We have 9 two-spin interactions given
by interaction constants Ka,b (a, b = 1, 2, 3), 9 four-spin interactions given by 6 interaction
constants Ra,b,c (a 6= b 6= c) and three interaction constants Ra,b (b > a) and one six-spin
interaction given by interaction constant R. Totally we again have 19 interaction constants
(R,Ra,b,c, Ka,b) (as in the case of the spin-7/2 model). Dependence of the new coefficients
R,Ra,b, Ra,b,c from old ones Jα,β and ha are given in Appendix (see Eqs. (67) - (85)). Thus
we have established one-to-one correspondence between spin-7/2 model and three layers
spin-1/2 model.




model to show a one-to-one correspondence between d-dimensional spin-S model and M
d-dimensional layers of spin-p−1
2
model.
One can consider some particular cases of the Hamiltonian given by Eq. (22). For
example, if we imposed the following conditions
R = 0,
Ra,b,c = 0 for a 6= b 6= c,
Ra,b = 0 for b > a, (23)
Ka,b = 0 for b > a,
to cancel 6-spin interactions, four-spin interactions and some two-spin interactions we will
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In this way, the system H(S) is expressed in terms of three Ising model of σ1, σ2 and σ3,
each on the lattice G coupled by glue interactions Kb,a, b > a.
If we imposed the additional to Eq. (23) conditions
K1,1 = K2,2 = K3,3 and K2,1 = K3,2 = K3,1 (25)
we will arrive to the Ising model with periodic boundary conditions with following Hamil-
tonian
− βH(σ) = K1
∑
<ij>
(σ1,iσ1,j + σ2,iσ2,j + σ3,iσ3,j) + γK2
∑
i




J7,7 and K2 = 360h6. The Hamiltonian given by Eq. (26) is equivalent to
the spin - 7/2 Hamiltonian given by Eq. (19) with the following constraint on the coupling
constants







































If we imposed another additional to Eq. (23) conditions
K1,1 = K2,2 = K3,3, K2,1 = K3,2 and K3,1 = 0, (32)
we will arrive to the Ising model with free boundary conditions with following Hamiltonian
− βH(σ) = K1
∑
<ij>
(σ1,iσ1,j + σ2,iσ2,j + σ3,iσ3,j) + γK3
∑
i





J7,7 and K3 = −90h6. The Hamiltonian given by Eq. (33) is equivalent to





h6, h4 = −20h6. (34)
We can note that under conditions given by Eqs. (27) - (31) and (34) the spin-S Hamiltonian
have two free parameters.
One can also obtained some exactly solvable case by putting the glue interactions Kb,a
to zero. In that case we have three non interacting Ising model, each on the d-dimensional
lattice G, and in the case d = 2 we will obtained exact solvable case for spin - 7/2 model































































J2,2 = J2,4 = J2,6 = J4,4 = J4,6 = J6,6 = 0 and h2 = h4 = h6 = 0. (42)




(K1,1σ1,iσ1,j +K2,2σ2,iσ2,j +K3,3σ3,iσ3,j) (43)











K2,2 =91350 J5,7 +
7397775
4
J7,7 + 4500 J5,5,
K3,3 =− 88200 J5,7 − 2061675 J7,7 − 3600 J5,5.
Thus we have show that three non interacting two-dimensional exactly solvable Ising model
are equivalent to two-dimensional spin-7/2 model under conditions given by Eqs. (35) - (42).
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C. Spin-spin transformation for M = 2 and p = 3
For the case M = 2 and p = 3 the transformations given by Eqs. (2), (10) and (11) reads
as
Sj = σ1,j + 3σ2,j (44)























The above transformations gives us bijection between spin S = 4 and pair of spins with
σ = 1. Such transformation can be used for example to show that spin - 4 model is
equivalent to the two-layer spin-1 model.
D. Spin-spin transformation for M = 3 and p = 3
For the case M = 3 and p = 3 the transformations given by Eqs. (2), (10) and (11) reads
as
Sj = σ1,j + 3σ2,j + 9σ3,j (46)











































































s(s2 − 32)(s2 − 62)(s2 − 92)(s2 − 122). (49)
The above transformations gives us bijection between spin S = 13 and a cluster of three
spins with σ = 1. Such transformation can be used for example to show that spin-13 model
is equivalent to the three-layer spin-1 model.
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E. A d-dimensional Ising model mapping onto single-particle spin-S model
In 70’s Joseph [15], discussed the single-particle mapping onto Shrödinger exchange oper-
ators [19], using this approach Joseph also discussed the nature of the transition in non-linear
spin-S Ising model for both cases: half-odd integer spin [20] and integer spin [21]. In this
section we propose some similar approach to discuss the d-dimensional Ising model mapping




and sets of M spins (σ1, σ2, ..., σM) with σm =
p−1
2
is a mapping between a d-dimensional
Ising model and a single-particle spin-S model.








where Jm,m′ is the coupling term between two spins σm(s) and σm′(s), while s is the spin-S




Performing the transformation given by Eqs. (7), (8) and (11) we obtain the Hamiltonian


















the function Fj,j′ depends only of the lattice ’structure’ and spin coupling parameter for a
given system. Note that Fj,j′ does not depend of the variable s.
The Hamiltonian (51) can be understand as single particle Hamiltonian with large spin-
S (S = p
M−1
2
), similar to that discussed by Joseph [15]. Therefore the partition function








This is a different way to write the partition function of d-dimensional Ising model.
As a simple example, let us consider the spin-1/2 one-dimensional Ising model, with
periodic boundary condition σM+1(s) = σ1(s) and assuming uniform coupling J between
12




[Jσm(s)σm+1(s) + hσm(s)] , (54)
























eAj(s)Aj′ (s)Fj,j′ . (56)
Using the Eq. (56), we are able to write the partition function for fixed M , then the first



























Z4 =4 + e


































In order to write the previous results in analogy to the solution obtained via transfer matrix.
We define some basic quantities conveniently, such that the factors involving the largest












































= J ± h. (63)









Using the previous definition, and by using some algebraic manipulation, we can express the






































Using the Eq. (65), we can verify the results obtained in (57) - (60), and higher order terms
(not shown here). It is interesting to note that a±M and b
±
M is always independent of M .
Therefore the free energy in thermodynamic limit is given by
− βf = lim
M→∞




eJ/2 sinh(h/2) + e−J/2
)
. (66)
We have arrived to this results in some similar way as discussed by Joseph [15]. Note, that
the Eq. (66) can be obtained using the transfer matrix method.
V. CONCLUSION




cluster of M spins σ = p−1
2
as well as the general inverse spin-spin transformation. We have
discuss the application of our funding. In particular we have show one-to-one correspondence
between a general spin-7/2 model on a d-dimensional lattice G and a three Ising model, each
on the lattice G coupled by glue interactions. That results can be easily to extend to more
general case, namely, that a general d+1 dimensional spin- p−1
2
model can be reduced to
d-dimensional spin-S model with S = p
M−1
2
. The representation of particles with the spin-S
in terms of spins less than S seems to be very useful tool. We wish to clarify the critical
properties of spin-S models with spin greater than 1/2 by using the present decomposition
method in the future.
One of us (N.Sh.I) is supported by FAPEMIG (BPV-00061-10), while O.R. and S.M. de
Souza thanks FAPEMIG and CNPq for partial financial support.
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VI. APPENDIX























































K1,3 =4 J1,1 + 46 J1,3 +
2371
4
J1,5 + 7606 J1,7 +
1891
4































































K3,3 =16 J1,1 + 124 J1,3 + 1261 J1,5 +
56491
4






















































K3,2 =84 J2,2 +
1743
2

























R2,3 =256 J2,2 + 2944 J2,4 + 33136 J2,6 + 33856 J4,4 + 381064 J4,6 + 4289041 J6,6 (78)












R1,3,2 =24 J1,3 + 420 J1,5 +
11613
2
J1,7 + 732 J3,3 +
23253
2










R2,3,1 =48 J1,3 + 840 J1,5 + 11613 J1,7 + 1320 J3,3 + 18933 J3,5 + 244005 J3,7







R3,2,1 =96 J1,3 + 1680 J1,5 + 23226 J1,7 + 1488 J3,3 + 20586 J3,5 + 264738 J3,7







R = 9 (256 J3,3 + 4480 J5,3 + 78400 J5,5 + 61936 J7,3 + 1083880 J7,5 + 14984641 J7,7) (85)
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